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Abstract

An array jeed combining system jor the recovery oj SNR loss due to antenna reflector deformation
has been implemented and is currently being evaluated on the Jet Propulsion Laboratory 84 meter
DSS-18 antenna. In this system, the defocused signal field captured by a focal plane army feed
is recovered using real-time signal processing and signal combining techniques. The current sig-
nal processing and signal combining algorithms are optimum under the assumption that the white
Gaussian noise processes in the received signals from difjerent array elements are mutually un-
correlated. Experimental data at DSS-13 indicate that these noise processes are indeed mutually
correlated. The main result oj this paper is an analytical derivation of the actual SNR performance
of the current suboptimal signal combining algorithm in this correlated noises environment. The
analysis here shows that the combined signal SNR can either be improved or degraded depending on
the relation between the army signal and noise correlation coefficient phases. Further performance
improvement will require the development oj signal combining methods that take into account the

correlated noises.



I Introduction

Operation of deep space communication networks at higher carrier frequencies has the advantage of
greater antenna gains as well as increased bandwidths for enhancing telemetry capabilities. How-
ever, the use of higher frequencies also has certain disadvantages. These include more stringent
antenna pointing requirements and also larger receiving antenna SNR losses due to mechanical de-
formations of large reflector surfaces. These SNR losses become more significant at higher frequen-
cies when carrier wavelengths become smaller than the mechanical imperfections of the reflector.
This is the case in the Jet Propulsion Laboratory Deep Space Network plan to employ Ka-band
communications using 34 and 70 meter receiving antennas.

An array feed combining system for the recovery of the SNR loss due to antenna reflector de-
formation has been proposed and analyzed in [1]. In this system, a focal plane feed array is used to
collect the defocused signal fields. All the signal power captured by the feed array are then recov-
ered using real-time signal processing and signal combining techniques. In phase and quadrature
baseband signal samples are obtained from the downconverted received signal of each of the array
feed elements and then are recombined after application of combiner weights. The optimum com-
biner weights that maximizes the combined signa SNR were derived in [1] under the assumption
that the white Gaussian noise processes in the received signals from different array elements are
mutually uncorrelated. These optimum weights depend 011 unknown signal and noise parameters
that need to be estimated. The work in [1] proposed to estimate the optimum weights from the
observed residual carrier received signal samples using a maximum likelihood (ML) estimation of
these unknown parameters. The actual combined signal SNR in this uncorrelated noises environ-

ment was also derived in [1] when the estimated weights are used in place of the optimum weight




coefficients.

The array feed combining system is currently being evaluated at the JPL DSS-13 34 meter
antenna. Although the work in [1] assumed mutually uncorrelated Noise processes, experimental
data [2] indicates that the white noise processes in the received signals from different feed elements
are indeed correlated, with correlation coefficients of the order of 0.01 under clear sky conditions.
Since the noise in each of the array feed element signals consists of receiver white noise plus
noise due to background radiation, this small correlation is conjectured to be caused by near-field
atmospheric background noise. Although the observed correlation in [2] is quite small in the current
array feed combining system, future planned improvements in the the receiver noise temperature
could magnify the effect of atmospheric background noise and result in considerably higher amounts
of correlation. Thus, it is important to determine the performance of the signal combining system
proposed in [1] when the white Gaussian noise processes in the signals from different array elements
are mutually correlated. That is the objective of this paper, which provides an exact analysis of
the combined signal SNR performance in this correlated noises environment.

The performance analysis here considers only the signal combining algorithm proposed in [1],
which was designed to operate in the environment where the white Gaussian noise processes in
the signals from different array elements are mutually uncorrelated. The effect of the correlation
is twofold. First, the optimum combining weights developed in [1] are no longer optima in this
correlated noises environment. The other effect of this correlation is on the resulting combined
signal SNR performance. The analysis here shows that the combined signal SNR can either be
improved or degraded depending on the relation between the array signal and noise correlation
coefficient phases. Further performance improvement will require effective combining systems that

takes into account the correlations between the array feed element noise processes. Our work on



this problem is still in progress.

2 Array Feed Signals and Combining Algorithm

Consider a K-élement array and the NASA Deep Space Network standard residua carrier modu-
lation with binary PSK modulated square-wave subcarrier [3]. The received signal from each array
element is down converted to baseband and sampled. The combining system proposed in [1] uses
only the residual carrier portion of the received signal spectrum to estimate the unknown parame-
ters in the combiner weights. The full spectrum modulated signals from the array elements, which
contains both the modulated sidebands as well as the residual carrier spectrum, are subsequently
combined. In this system [1], the higher bandwidth primitive baseband signal samples are low pass
filtered by averaging successive blocks of Mp samples to yield a full spectrum signal stream B
for each array element. Additive white Gaussian noise is assumed to be present in the primitive

baseband signal sequences from each of the array elements. Let
Ye(1B) Vi[cos 6 + j s(ip) sin 6] + nk(iB),in = 1.2, . . . 1)
denote the stream B signal samples from the k-th array element. The complex signal parameters
Vi = |Vi]e? % ()

represent the unknown signal amplitude and phase parameters induced by the antenna reflector
deformation. Moreover, éisthe modulation index, s(ip) =1 is the transmitted data and {n«(iB)}
is the zero mean white Gaussian noise corruption in the stream B signal samples from the k-th
array element. The primitive baseband signal samples are also more narrowly low-pass filtered by

averaging successive blocks of M4 samples to yield a residual carrier signal stream A for each array



element. Clearly ma>Mp and = M4/Mg is the ratio of the bandwidth of Sstream Bto stream
A Let

ug(ig)=Vicos§ + mi(in),ia= 12, . .. €)

denote the stream A signal samples from the k-th array element. Here {mi(i4)} is the zero mean
white Gaussian noise corruption in the stream A signal samples from the k-th array element.

Let AT and A" denote the transpose and complex conjugate transpose of the matrix A re
spectively. The white noise sequences corresponding to different array elements are assumed to be

correlated. To specify these correlations, consider

n(ip) = (m(B) - - nk(ip))T,

m(ig) = (mi(ia) -- mx(ia))T.

Then {n(iB)} and {m(i4)}are each sequences of i.i.d. zero 1nean complex Gaussian random vectors

of dimension K. The respective covariance matrices

Bp = ( rpyj 1 - Eln(ip )n(ip)']

Ry = {1akj 1 = Elm(is)m(ia))

of _r;(igj and m(i4)then specify the mutual correlations between the white noises in the signal
streams from different array elements. For example,TBk;isthe correlation between the noise vari-
ables nk(iB) and n;(ip) in the stream B signals from the k-th and j-thatray elements respectively.

Moreover, define

TBkj

/TBkkTBj;

to be the correlation coefficient between the noise samples n,(ig) and n;(ig). We shall assume as in

PBk; = = |ppk;j| e’ P8 4

[1] that the complex Gaussian noise samples n(ip) and mx(i4 ) each have statistically independent




real and imaginary parts of equal variance. This assumption is not required for the following
analysis, but is made to maintain consistency with the results reported in [1}-S0, 205, rp
and 20%, " Takk are the respective variances of 7k(iB) and mk(i ), where 9Bk and 4k are the
respective variances of the real or imaginary parts. Because of the different averaging rates in
streams A and B on the primitive baseband signals, it follows that Rp=nR,4. Finaly, these
different averaging rates also imply that m(i4) is independent of n(ip) provided that i4 < i and
the samples averaged to yield m(i4) occurred prior to the samples averaged to yield n(ip)-
The complex combining weight coefficients wi, 1< k< K given by

_ Yy _ Ve
Mok 205k

()

were shown in [1] to maximize the Sh'R of the combiner output in the uncorrelated noises case,

resulting in a maximum possible SNR equa to

K K
Z V"' -y L ©)
k=1 k=1 9 Bk

That is, the optimum attainable SNR in the uncorrelated noises case is equal to the sum of the
SNR’S of each of the feed array element outputs. The signal parameters Vi and the noise variances
crf“, are unknown parameters that need to be estimated to obtain an estimate of the optimum
weight coefficients.

Assume that these unknown parameters are not random. The estimates for Vi and 0%, devel-
oped in [1] are univariate sampling estimates based on the stream A residual carrier signal samples
{uk(%4 )}. In the uncorrelated noises case, the stream A signal samples from different array elements
are statistically independent. Hence estimates of the weight coefficients wx based on these estimates
Of Vi and 94k are also mutually independent- However, in the correlated noises environment these

signal streams are no longer mutually independent and hence the resulting estimates for wx are
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also no longer independent.In order to put this dependence in the proper perspective for the SNR
performance analysis below, we will describe the estimation techniques developed in [1] in terms of

multivariate sampling estimates based on the vector of stream A signal samples {u(i4)} where
u(ia) = (wi(ia) - ux(ia)).
Instead of estimating Vi directly, consider estimating Xk.Vk cosé.Define
X =(X- Xg)T.

Then it follows from (3) that {u(ia)}isani.id. sequence of complex Gaussian random vectors

with mean X and covariance matrix ££4- It follows from multivariate Statistical analysis [4], [5]

that based on observations {u(ig -- 1),. . .,u(i4 — L)},

£ = (i X)) = 35w @
=i ~L
is the ML sample mean estimate of X and
I'A—l
BaGa)=pog O ()~ XGa0) - X0 ®
I=i4-L

is equal to (L —1)/(L — 2) times the corresponding sample covariance estimate of&A. The approach
in [1] uses Xx(i4)as the estimate of Xk and consequently Vi(ia) = Xk(iA)/cosé as the estimate of
Vi. Moreover, the k-th diagonal element 262, (i4) of Ra(i4)is usedin [I1 as the estimate of 209
which is the k-th diagonal element of £4- Finaly the estimate given by

Velia) _  Xi(ia)
216%,(ia) ~ 2ncos66%,(ia)

(9)

ﬁ)k(iA) =

was shown in [1] to be an unbiased estimate of the optimum combining weight coefficient wx given

by (5) in the uncorrelated noises case. These weight coefficient estimates are used in a sliding




window structure to produce the following combiner output sequence

K
2(ig) - 2 Wk(ia) wk(im), (10)

k=1

where 4 is the largest integer less than g so that the residual carrier signal samples {uk(;:A -
D,.... uk(;A—L)} used for estimating Wi(1a ) occur before the full spectrum signal sample yx(i5).
3SNR Performance Analysis

The objective is to determine the actual SNR of the combiner output in the correlated noises

environment. From (1) and (10), the combiner output can be written as:

2(ig) = sc(ip) + nc(in), (11)
where
K . .
sc(ip) = D wi(ia) Vi e 2088 (12)
k=1
and
K -~
ne(ip) = ) Wk(24) ni(ip) (13)
k=1

are the signal and noise components respectively. Since the residual carrier signal samples used for
the estimates Wk (i ) occur prior to the full spectrum signal samples vi(ip ), and since {mk(i4)} and
{n;(iB)} are i.i.d. sequences, it follows that ﬁ’k(;A) and n, (i) are uncorrelated random variables
for every kand j. Each n;(ig) has zero mean. It then follows from (13) and (12) that n.(ig) also
has zero mean and is moreover uncorrelated with s.(ig). Let Var[Z]= E[|Z — E[Z] |?] denote the
variance of a complex random variable Z. Thus it follows from (11) that the actua SNR of the

combiner signal output z(ig) given by (10) can be written as:

_ [ElGB)? _ [Elsc(ip)l?
Var(z(ip)]  Var[sc(ig)] + Var[n.(ig)]

T™ML (14)
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It is well known [4], (5] that X(i4) and R4(ia) are statistically independent and that 2(L —
2)6%x(ia)/0%k has a Chi-Square distribution with 2(L-1) degrees of freedom. As sresult «f these

properties, it follows from (9) in a derivation similar to {1} that, for 1 k<K,
Eli(ia)] = we, (15)

where {wy } are the optimal combining weights given by (5). That is, the estimated weight coeffi-

cients are unbiased as in the uncorrelated noises case [1]. It then follows from (12), (15), (5) and

(6) that for both the correlated and uncorrelated noises cases,

K
[Blse(in)]l = e *C¢ S Elin(Ga)lVel = 7. 16
k=1

Consider next the variances of sc(ig)and 7c(i8)in (14). Using (12) and (15), we have

K K
Var(sc(ig)] = D D E [("Dk(;A) — wi ) (i) - wj)‘Vij'] J (17)

k=1 7=1
where wg is given by (5). Consider first the case when the Gaussian noise processes in the signals
from different array elements are mutually uncorrelated. Since Wx(i4) and ®;(i4)are pairwise

independent for k# Jj in this case, the variance of s.(ig) can be written as

K
Vary[se(ip)] = D Var[wx(ia)]|Vil*. (18)
k=1
Let
K K N R
Br=2Re |5 S ViVy {Blon(a)b;(ia) - wew} ) (19)
k=1j3=k+1

Combining (17), (18) and (19) then yields

Var[s.(ig)] = Vary[sc(ip)] + B1. (20)




Recall that n.(ip)has zero mean and Wk(14) is statistically independent of n;(ig) for allk and j.

Then similar to the derivation leading to (20) we can write

K K
Varne(ip)] = 3 3 E[r(ia)wj(ia)] Elni(is)n}(is))

k=1 j=1
= Vary[n.(ig)) + B2 (21)
where
kKX . .
B2 = 2Re {L >~ E[ik(i4)w](ia)) E[nk(iB)Tl}(iB)]} (22)
k=1jy=k+1
and where

K
Vary[ne(is)] = 3 Elldn(ia)l’] Var(lni(ip)[’]
k=1
is the variance of n.(ig) in the uncorrelated noises case. 1t then follows from (14) and (16) that

the actual SNR of the combiner output in the uncorrelated noises case is given by

U 7’
ML = Vargloa(in)] + Varolne(is )| @)
So it follows from (14), (16), (20), (21) and (23) that
1
TML = TML (1—+“d_) ‘ (24)
where
B + B2 (25)

~ Vary[se(ip )] + Varu[ne(is)]’
The factor 1/(1 + d) in (24) represents the improvement in SNR caused by the correlation between
the noises in the signals received from different array elements. Note in particular that 81 and
B2 can be either positive or negative in value. Hence a SNR improvement is obtained when dis
negative and a degradation otherwise.
Expressions for Vary(s.(ig)] and Vary[n.(ig)] ae given in [I]. Thus we need only determine

B; and B, to obtain d and thereby obtain an expression forypsr from (24). In order to do this we
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need only obtainan expression for E[‘lbk(;A)ﬁ’;(;A)] when k# j. Using the property that X (i) is
statistically independent of Ra(i4), it then follows from (9), (7) and (8) that for k# 7,

1
4n2cos26

Eln(ia)i3(ia)] = e (X1 (1)%; (u)]E[ N ] @)

k(’A)U_ij(‘A)

Since X(iA ) has mean X and covariance matrix %ﬂA = #I,-EB (5], it follows that
1
E[X;(14)X;Ga)] = ~7 TBkj + XiX;j. (27)
Recall that 2(L — 2)6%,(i4)isthe k-th diagonal element of the matrix (L —2)Ra(i4)-Let

Al Ayq

Aly Az

A=

bea 2 x 2 matrix where A1 and A22 are the k-th and j-th diagonal elements respectively and Ai2
is the element in the k-th row and j-th column of (L — 2)J24(74).50 we have

. 1 1
" [UAk(lA)UAJ(ZA)jI AL 2) b [EEJ ' (28)

Complex multivariate statistical sampling theory [4] [5] has shown that A has the same distribution

I- .
as that of 2ic1 Z: Zi' where {Z:} is a sequence of i.i.d. zero meancomplex Gaussian random

vectors with covariance matrix X given by

TAkk Tpkj 1 TBkk TBkj
»= = -7—7 . (29)

Tak; TAj The; TBjj
This type of distribution is called a complex Wishart distribution [4], [5] with parameters £ and
(L - 1). Denote the determinant and trace of a matrix A by |A| and tr(A) respectively. Then if

L > 4, the joint Wishart probability density of (A1, A2z, A12)is given by [4]

Ay Ags — |Aral?)"° -
,rp(( 1 - ;;r( 1‘ _HQI)')E'L—_T exp [—tr(zi A)] (30)

p(Ay1, A22, Ay2) =

10



for A1, A22> 0 and |A412|*> < 411422, where T(z) is the Gamma function. The derivation in
Appendix A obtains the expression given by (49) for E[1/A4;1A22] starting from (30). Define for

L>4and 0<z <1,
L 2 1__ L-3 (k+1/—3> .._.__.'tr__.-,__'
fu(z) = (L-2)1-2) Z T (31)
Assume that the correlation coefficients between noise components of the k-th and j-th array

element outputs PBk; given by (4) are always less than one in magnitude. Then, by using (28),

(49), (31: and (27), (26) can be written as

TN e 1 PBE; V>V
E - — .12 _ J kY3 i
(Wk(24)05 (1)) = fL(lpBk;|7) [7711 SYCTE 402”03%] (32)
When |pBk;l <1 and L > 4, we obtain, by using (2), (4), (5) and (32) in (19) and (22),
K K 2 2 2
- |pBE;| Vil “1V;1
Br+ B2 = 2. > {fL(lPBk'lz) [-— T J
k=1j=k+1 77 [nhcos?s " dop,op;
1 Vil Vs . o | - IVkI IVI
+ ( 1 T]L_ _Cb.‘;‘i& QUBkaB ‘kajl COS(’!?};J‘ ‘PBkJ) 40'BkO’BJ ) (33)

where ¥Bk; be the phase Of the correlation coefficient pBk; between ni(ip ) and nk(ip ) and where
Vi = O — 0;

is the phase difference between the signal components of the k-th and j-th array elements. Finally,
by using equations (44) and (48) of [1]for Vary{s.(ig)] and Vary[n.(ig)] respectively, (25) can be

written as

d= Bii- B2 »
(II:-;)['Y'F(’Y-F K)/nL cos?6) + ( )Zk I(LV7L>

ZGBk

where B1+ B2 is given by (33) and 7 is given by (6). In order to arrive at an explicit expression for

TMmL, We note that equations (44) and (48) of [1] in (23) gives

7%11 = -~ 72 RN K” |I‘/\ Ig “ (35)
(H) [7 + (7 + K)/nL cos?8) + (rL‘) :k:l( 2:;'; )

11



So the actual SNR of the combiner output in the correlated noises case can be determined
from (24), (34) and (35) whenL > 4 and |pBkjl< 1. The two measures of particular interest in
understanding the SNR performance are 1/(1 + d) and yps. /. The measure 1/(1 + d) represents
the gain in SNR caused by the correlation between the array element noises and will be referred to
as the correlation gain. In the uncorrelated noises case, v/ymL represents the loss in SNR due to
the combining algorithm since 7 is the maximum possible achievable SNR. We shall adopt the same
measure here and define YML/7 as the combining gain for ease of comparison to the uncorrelated
noises case. The combining gain also represents the gain in SNR over the sum of SNRS of the
individual array element outputs.

Let us examine the characteristics of the SNR performance. In the uncorrelated noises case,
the actual SNR performance Vi converges tO the maxitum possible SNR achievable 7 2S the
number of samples I approaches infinity. It is interesting to also examine the combining gain in
the correlated noises caseas the number of samples approaches infinity. It is shown in Appendix
B that fL(#)—1asL —co for O <z <1. Assume that the pairwise noise correlation coefficients

pBk; are al less than one in magnitude. Then, taking the limit as L -»o00 in (34) and (33) yields

J
RSN : s — .
20540 B; |pBkj| cos(Fxj — ©nkj) (36)

So the limiting value of d can also be of either sign, positive or negative. In fact, the limiting value
is always negative if Yxj ¥Bk;j=7 for all k # J, and always positive if x; #Bk; 0 for all k # J.
It then follows from (24) that as L — co, the limiting value of the actual SNR performance yamr
in the correlated noises case can be either greater or smaller than the maximum possible SNR 7
in the uncorrelated noises case, depending on the relation between the signal and noise correlation

phases. This is not realy that surprising, since the maximum possible SNR performance in the
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correlated noises case is generally not equal to 7.

Bounds on the actual SNR performance ypsr, Which depend on a fewer number of parameters
than the exact expression are also useful. We shall derive upper and lower bounds that depend only
on the maximum magnitude of the noise correlation coefficients and on 7, the sum of the SNRS of
the individual array element outputs. We first note the following inequalities derived in [1] for this

purpose:
2

1 (E e 2 K VAL
7?‘:?(2"‘2') 52('5521“) <7 0
k=

1 208,

Similar to the left hand inequality of (37), we have

K 2
LY ( 1% ) 38
(g \/20%”:) 2011}: v (38)

Applying the left hand inequality of (37) and the inequality (38) then gets the following upper

bounds:
K K
lel | JI 2
2 1- ( 39
;Zl > gon oy STO-1E), (39)
J=k+1 3
and
K K
< VellV;
2> s < (K - 1)y. (40)
Let

Pmaz = I?#a-;( |kaj|

be the maximum magnitude of the correlation coefficients between array element noise components.
Note from (33) that the worst case phase resulting in the largest possible o! occurs when ¥y, — ¥Bkj =
0 for all k# j. Hence, application of the left hand inequality in (37), the inequalities (39) and (40),
and the bounds (56) on fr(z) given in Appendix B, yields the following upper bound on the worst

case d:

d<( L - 2)(K_-- l)ﬁmu['y + (K pmaz + 7)/1L cos?8) + 7@ - I/K) (a1)
(L-2)y + (v + K)/nLcos?8) + 72/K

13




Similarly, since the best case phase resulting in the most negative possible d occurs when Yx; —

¢Bkj = for all k # 7, the following lower bound on the best case d can be obtained:

- (L - 2)(K - l)pmar7 [1 + 1/77L 00826]
“S(L --2) [7 + (7T + K)/nLcos?é)+ /K’

(42)

Finally, using the inequalities (37) in (35) yields the following bounds on the actua SNR perfor-

mance 74z in the uncorrelated noises case:

U (L ~ 3)y?
ML S (L-—-2)[y+ (v + K)/nLcos?8] + 42/ K’ (43)
and
L-3)7 ”

VoL >

ML=11, =2 [7 + (7 + K)[nL cos?8] +72
An upper bound on the actual SNR performance 7,, is obtained by using the lower bound (42)
on d and the upper bound (43) on L in (24). Similarly a lower bound on ~ysy, is obtained by

using instead the upper bound (41) on d and the lower bound (44) on 7%@.

4 Numerical Example

We consider here the numerical example in [1] of using a K =7 element array feed in the JPL
Deep Space Network. In this example, a modulation index é = 80° and a primitive sample period
To =2.5 X 10°seconds are assumed. The full spectrum modulation signal is assumed to be of
bandwidth 2 x 106 Hz, which yields MB = 20. Moreover, the ratio of the full spectrum bandwidth
to the residual carrier bandwidth n= M4/Mp = 200. Nominal Pr/No of 55 and 65 dB-Hz are
considered with corresponding 7 = (Pr/No)MpTos. Upper and lower bounds on the combining gain
vmL/7 are shown in Figure 1 as a function of the number of samples L averaged to obtain the

weight estimates. Here Pr/No=55 dB-Hz and maximum correlation coeflicient magnitudes pmaz
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of 0.01 and 0.02 are considered. Convergence of these bounds to within 0.01 dB of their limiting
values occurs at about L = 3000 samples. This corresponds to an averaging time of M,T.L = 0.3
seconds and supports real-time operations for antenna deformation compensation. The limiting
upper bounds on the combining gain are about 0.26 dB and 0.56 dB for p,,.. equal to 0.01 and
0.02 respectively. The corresponding lower bounds on the combining gain are -0.26 dB and -0.50
dB respectively. The actual limiting value for the combining gain, which is given by (36), will
fall between these bounds. Similar results are shown in Figure2 for P»/No = 65 dB-Hz, where
convergence of the bounds occur at smaller values of L to virtually the same limiting values as the
Pr[No = 55 dB-Hz case.

Figures 3 and 4 plot upper and lower bounds on the correlation gain /(1 + d) for p,.. equal
to 0.01 and 0.02. Figure 3 considers Pr/No = 55 dB-Hz and Figure 4 Pr/No = 65 dB-Hz. The
limiting value of these bounds are identical to the limiting values of the corresponding bounds on
the combining gain. The differences between the behavior of the lower bounds at Pr/No=55dB-
Hz and those at Pr/No = 65 dB-Hz is due to the looseness of these lower bounds at small values of
L. For large number L of samples, the upper and lower bounds on the combining gain diverge as
the maximum correlation coefficient magnitude increases. This can be seen from Figure 5, which
shows the upper and lower bounds on combining gain for Pr/Ng:== 55 dB-Hz at L = 5000 samples
as pmez increases from 0.01 to 0.1. The upper bound increases from 0.26 dB to 3.96 dB and the
lower bound decreases from -0.26 dB to -2.05 dB in this range of p,,.,. The observed correlation
coefficients of 0.01 magnitude in [2] were obtained in clear sky conditions with a receiver noise
temperature of 90° K and a system noise temperature of 120° K. Improvement of the receiver noise
temperature to 25° K will increase the correlation coefficient magnitude to about 0.02. As noted

above, a maximum possible improvement of 0.56 dB and a maximum possible degradation of -0.50
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dB results. Preliminary measurements at DSS-13 indicate that even larger amounts of correlation
occur under adverse weather conditions. This will result in even larger potential improvement or

degradation of SNR performance relative to the uncorrelated noises case.

5Conclusion

An array feed combiner system for the recovery of SNR loss due to antenna reflector deformation

has been implemented and is currently being evaluated on the Jet Propulsion Laboratory 34 meter

DSS-13 antenna. The current signal combining algorithms are optimum under the assumption
that the white Gaussian noise processes in the received signals from different array elements are
uncorrelated. Experimental data at 11 SS-13 indicate that these noise processes are indeed mutually
correlated. The main result of this paper is an analytical derivation of the actua SNR performance
of the current suboptimalsignal combining algorithm in this correlated noises environment. The
analysis here shows that the combined signal SNR can either be improved or degraded depending on
the relation between the array signal and noise correlation coefficient phases. Further performance
improvement will require the development of effective combining systems that takes into account

the correlations between the array feed element noise processes.
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Appendix A: Derivation. of E[Z,le;;]'

We first obtain the joint probability density function p(Aj,A22)of (All, Az2) by integrating (30)
over the complex region S = {412: |A12| < /A1 A2z} of values taken on by A,,. Let G ={Gij} =
27! and convert the variables G12 and A into polar coordinates: Gi2 = |G1zle?¥ and A1z = re®.

Then it follows from (30) that

P(A11,A22)
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e~ (G114 +G224)

- Andz - [Apf® L-s —2me(Gy,412)
xD(L — DI(L - 2)|}Q!L_l/é;( nda - [A12]%)" e 12 dA;,

_ (GuA:H-GnAz/) - . VAi1A2n r(A1 Agz — 7_2)L—-3 2 ot 2l Gizlcos(d~¥) d¢ dr
7rP(L - D)IN(L - 2)|E
~(G11A11+G22427) VA1 Az2 0 | 2
) 2e L'_l\l T(A11A22 - T ) ( r (45)
(L -1 - 2)|z

where Jo(z) is the zero-order Modified Bessel Function of the First Kind which has series represen-

tation
0 72

Io(.’IJ Z 22k(k') (46)

By making a change of the variable of integration, using the series (46) and the integral relation

(3.251) of [6], the integral in (45) can be written as:

VA Az
/0 r(A11 422 — r*) 10(2r[~~121) dr
L2 (A11A22|Glzl )kl 2 L3 2k41

= (A4 1-s s ds

(AnAz) . Z A Jd ( )

o0 7 k

_ L__ﬂ_] 22]612| ) I’(k + 1)F L - 2 47
- (A1 A“i)zo i k! | 2P(k+ L -1) S

Substitution of (47) into (45) and using the fact that I'(n)=(n—1)! for integer n obtains

(AIIAZQ) -2 o= (GnAn+GnAn) %X (A A22|G’12| )k
(L - 2) I_le -1 - = K+ Lo

p(A11,A22) = (48)

=0
Using (48), integrating term by term in the series, and obtaining G =37 and |Z| directly from

(29) in terms of PBkj»TBkkandTBj;yields

1 1 S (k+L-3 (é%l:")
E [A11A21 - (L 2)|2|L 1(G11C22)L 2 >‘J ( k

f(lf'lkajl) N (k + L-3lemsi*
(L - 2) rBrkTBj; k;JO k y k+1L -2

(49)

The series in (49) can be shown to converge by using the ratio convergence test whenever I,DBkj| <1.
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Appendix B: Bounds on fr(z).

Let L>4 and O <= <1. We will obtain upper and lower bounds on f;(z) that are asymptotically

tight in the limit as L — oo. First note that

L-2 ( L-3 ><L~2>(k+L~3> (50)
k+L-2 \k+L-3/\L-3/\k+L-2
and that for k> 0,
L-3  k+L-3
C-2S k51Tt (51)

Using these bounds (51) in (50) gets

L-3 < L-2 <<L-2> L-3
k+L-3"k+L-2"\L-3/k+L-3 (52)
Next, by using the bounds (52) in (31), we get the following;:
o~ (k+ L —4
(1 -2 37 ( k )x"s fi(=), (53)
k=0
L -2 e
fL(x) S (_—) (l _ m)l/—-3 Z <k + il :4) .’Zik (54)
L -3 k=0
It can be shown [7] that for O <z <1,
o0
k+L—4> k ( 1 )L-%
> ¥ of = (=) . (55)
F—0 ( 1-—=z
Using (55) in (53) and (54) then obtains, for O <z <1,
L-2
1< fu(z) < I3 (56)

The upper and lower bounds given in (56) are both asymptotically tight in the limitasL --t 0. SO

we can conclude that for O <z <1, fr(z)—1asL — w, where the convergence is uniform in z.
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Figure 1. Combining Gain Versus L for Pr/Ng=55 dB-Hz.
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Gain in SNR (dB)
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Figure 2: Combining Gain Versus L for Fr/Ng=:65 dB-Hz.
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Figure 3: Correlation Gain Versus L for P,/N,=55dB-Hz.
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Gain in SNR (dB)
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Combining Gain in SNR (dB)
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Figure 5. Combining Gain Versus pmaz for Pr/Ny =55 dB-Hz and L = 5000.



